A pseudo two-dimensional (P2D) electro-chemical lithium-ion battery model is presented in this paper to study the capacity fade under cyclic charge-discharge conditions. The 
Introduction
A battery management system (BMS) is an essential part of hybrid electric vehicles (HEV), plug-in electric vehicles (PEV), and also large-scale grid support systems. Also the demand for portable devices and electronic communication systems has accelerated the need for more focussed research in batteries and battery packs. The lithium-ion battery is a 5 popular choice for battery packs due to its high energy density, relatively low self-discharge, low maintenance, and suitability for high current applications. The use of battery packs in grid support applications presents several challenges due to the rapid charge and discharge demanded by grid operation which may cause unexpected failure that can potentially lead to catastrophic damage to the batteries and bring the impact on to grid. A continuous ating conditions. The thermal heat generation is also highly complicated to characterise due to its dependency on multiple electro-chemical reactions. Electro-chemical modelling using partial differential equations can predict battery characteristics accurately, but with a high computational cost. This poses a main challenge for accurate battery modelling and emphasises the need to focus more on electro-chemistry as well as numerical schemes for an 20 accurate and computationally fast monitoring system. This paper analyses the dependency of main factors such as temperature, depth of discharge (DoD) and the charging current rate on the SEI layer development. This study also improves the solution methods under an implicit algorithm to solve the electro-chemical effects in battery, making it as a useful tool for battery life monitoring. 25 There were early attempts to model the electro-chemical processes inside the battery by solving the governing equations using a pseudo two-dimensional model, known as the P2D model [1, 2] . Later, Wang et al. [3] and Subramani et al. [4] approximated the concentra-tion of solid particles of a P2D model using a second degree polynomial and improved the speed of calculation with an accuracy comparable to the P2D model. Dao et al. [5] and Bizeray et al. [6] modelled the basic electrochemistry inside the battery using mathematical simplification and reduction methods to improve the computational speed. These models enable a computationally fast solution of the problem, leading to an accurate estimation 5 of battery parameters, which is extremely useful in battery monitoring systems. However, these mathematical methods are not accurate enough to predict the capacity fade coupled with thermal effects in a battery during multiple charge-discharge cycles.
Capacity fade modelling is very important for an accurate prediction of charge-discharge profiles in rechargeable battery RUL prediction. It has been observed that side reactions 10 and degradation process in lithium-ion batteries may cause a number of undesirable effects, leading to capacity loss and the growth of the solid electrolyte interface (SEI) layer, which are normally salt degradation products of electrolyte and electrodes [7, 8] . The loss of lithium ions contributes to the thickening of the SEI layer at the negative electrode, initially protecting the electrode against large voltage but eventually degrading the capacity. The 15 actual process of capacity fade happens over hundreds of cycles while some batteries exhibit rapid degradation, strongly influenced by adverse operating conditions.
A detailed solvent diffusion model was proposed by Ploehn at al. [8] to evaluate the growth of the SEI layer in carbon anodes. Later, Ramadass et al. [9] developed a first principle based model to calculate the capacity fade effect by considering a continuous sol-20 vent reduction side reaction. Recently, Pinson and Bazant [10] showed that simple time dependent models were capable of predicting the capacity fade in electro-chemical batteries.
The accuracy of these models depends on the numerical schemes and the calculation of heat generation inside the battery. Further improvement has been made to the battery modelling by Randall et al. [11] and by Tanim and Rahn [12] . 25 An accurate thermal prediction is required to calculate capacity fade, since high heat generation is the main reason for accelerated capacity and power fade leading to uncontrollable side reactions. This also helps the engineers design a better battery cooling mechanism which enhances the battery life. Most of early thermal prediction studies were based on the lumped parameter approach, representing a battery as a large thermal mass without considering internal thermal conductivity [13] . Later, Wu et al. [14] extended the study of Smith and Wang [13] for a battery pack with interconnected resistance focusing on the load imbalance generated in automobile applications. In the lumped model, thermal properties 5 are averaged, which reduces the accuracy of thermal prediction.
A distributed thermal model provides high accuracy thermal predictions at a high computational cost. One of the important attempts was made by Cai and White [15] , extending the P2D model to include the thermal effect using COMSOL software. Attempts were made to improve the accuracy of distributed thermal model by extending it to multi-dimensions 10 and length scales with the help of a reduced order model to limit the computational cost [16] . Ye et al. [17] experimentally determined accurate thermal modelling parameters and used it in simulation, and their results showed good agreement with test data.
Another notable study from our group on lithium-ion polymer battery was by Chacko and Chung [18] on thermal behaviour of cell during the combination of charge and discharge effect, All the above studies point to the necessity of capturing three different effects such as electro-chemical reaction [13] , capacity fade or power fade leading to ageing [9] , and thermal 20 effects that governs temperature distribution [15] . A strong and computationally fast battery life monitoring system also needs an accurate and fast numerical scheme or algorithm for solving the governing equations. Variable porosity also needs to be given due importance above the three factors to accurately calculate the available specific area which directly affects the system of equations [22] . 25 The present study predicts the basic electro chemistry inside the battery using a pseudo two-dimensional (P2D) model. This study also takes into account the heat generation inside the battery as well as the capacity fade and power fade due to solvent reduction reaction. A variable porosity model is introduced by linking the reactions with the partial molar volume.
Hence this electro-chemical model is an attempt to capture the electro-chemistry, capacity fade, and its coupled effects with temperature. The implementation of a computationally fast and robust algorithm makes this model suitable for BMS with high numerical accuracy. A finite volume based discretisation is adopted due to the inherent advantage that the bound-5 ary conditions can be applied non-invasively. An algorithm is proposed which sequentially solves the governing equations using an implicit method for time dependent discretisation, to evaluate the battery characteristics for multiple charge-discharge cycles.
Battery Model
A Li-ion battery has typically three major components, namely, current collectors, porous 10 electrodes and ionically conductive separator. This layout was first presented by Fuller et al. [23] . Later this modelling layout was widely adopted [13, 9, 15] process, and the SEI layer consumes some of these lithium ions at the negative electrode leading to the thickening of the layer.
Governing equations
All governing equations and boundary conditions used in this study are given in this section. The basic electro-chemical battery model is based on Smith and Wang [13] . The 25 capacity fade model is based on Ramadass et al. [9] . The distributed thermal model energy equation and the convective boundary conditions are based on Cai and White [15] . The distributed model thermal properties are taken from the experimental work of Maleki et al. [24] . The porosity change is directly linked to the partial molar concentration following Sikha et al. [22] . A graphical illustration of the present model is presented in Figure 1a , and all parameters used are shown in Table 1 
The effective diffusion coefficient is evaluated by D e,ef f = D e ε phase Li concentration, c s , is a function of its axial position x and its radial position r; i.e.
At the sphere surface,
At the centre of spherical particle, the concentration gradient is set to zero. 
Solid phase potential
The solid phase potential, φ s , is directly proportional to the reaction current density according to Ohm's law.
The charge or discharge current is carried by the solid porous material at both electrodes.
The reaction current density at the first node (near both current collectors) is made equal to the charge or discharge current density, and the solid potential is evaluated accordingly. At the electrode separator interface, there is no flux of charge, and the zero gradient boundary condition is applied.
Electrolyte phase potential
The electrolyte phase potential, φ e , is evaluated as a function of the reaction current 5 density (J) and the concentration of lithium (c e ) :
The effective ionic conductivity, κ ef f , is calculated from the Bruggeman relation κ ef f = κε P e . Using the concentrated solution theory, the effective diffusion conductivity, κ D,ef f , is given:
The zero gradient boundary condition is applied at the current collector electrode interface.
∂φ e ∂x x=0 = 0, ∂φ e ∂x x=L = 0.
Equation for variable porosity
The governing equation for variable porosity can be derived from overall material balance.
The electrolyte phase porosity is related to the partial molar concentration and the current density: [22] .
The inter-facial surface area to volume ratio for a particle with radius Λ s is calculated by 5 the following equation [13] .
Please note that the change in radius of the spherical particle due to the porosity change is not considered in this model.
Intercalation and solvent reduction reaction current density
All the above equations; lithium in electrolyte (equation 1), lithium in solid phase (equa- by the Butler-Volmer equation [2] .
where i o is the exchange current density which is proportional to the solid state lithium concentration (c s ) and electrolyte lithium concentration (c e ). The solid concentration is taken from the surface of a spherical particle (the outermost control volume).
where k ct is the kinetic rate constant, adjusted in such a way to match the initial current density of 3.6 × 10 −3 Acm −2 at the negative electrode and 2.6 × 10 −3 Acm −2 at the positive electrode.
In the present model, the SEI layer forms a uniform coating over the solid particle during charge and the thickness of the SEI layer remains unchanged during discharge. In 20 this study, the capacity fading is assumed to occur due to the continuous solvent reduction side reaction, and other phenomena such as graphite cracking, gas generation electrolyte decomposition, SEI precipitation, dendrite growth and lithium plating are not included in this study [25, 26, 27] .
The solvent reduction reaction kinetics is similar to the intercalation reaction and can be represented by a similar expression:
The above equation can be reduced to a much simpler form using the cathodic Tafel approx-
by considering the reaction irreversible.
J s = −a n i os e (−αcf ηs) .
This equation assumes that the SEI layer adds resistance to the negative electrode, while the SEI layer does not affect the positive electrode overpotential. The resistance due to SEI layer increases during charge while it remains constant during discharge [9] .
The empirical correlation for OCV at the negative and positive electrodes is taken from Smith and Wang [13] . Over potential positive electrode:
Over potential negative electrode:
The overpotential for side reaction is defined as:
The reference voltage, U ref , is taken as zero in all calculations.
The battery is assumed to start with the initial resistance, Ω SEI . The resistance of the SEI layer is estimated by the conductivity values available in literature [9] . The SEI layer thickness keeps increasing over charge cycles and the overall resistance at any cycle is calculated as
The rate of SEI layer increase over a particular cycle is proportional to the solvent reduction reaction current density.
For each cycle the thickness increases over time according to
Thermal modelling
The energy balance for the battery heat generation is given by: [15] 
where Q react is the heat generation due to reaction inside the battery, Q rev is the reversible 5 heat generation and Q ohm is the Ohmic heat generation rate. Each term in equation 11 is defined as follows:
Total heat generated inside the battery is convected to the ambient.
Temperature dependency of properties
All the battery properties are temperature dependent, and change in temperature will affect the physiochemical property ψ following the Arrhenius correction [13] .
The reference temperature is T ref = 298.15 K and the activation energy (E act ) for each parameter is given in Table 2 . The battery is started from the 100% depth of discharge (DoD) Table 1 at 0% and 100% DoD. This process describes one complete cycle of battery operation. The 10 sign convention applied in this paper is that a positive current discharges the battery. The reaction current density at the negative electrode during discharge is taken as positive. a coupled way until the residual error reduces below a threshold value. The convergence criteria for current densities on both electrodes are 10 −3 A/cm 3 . The non-dimensional temperature is defined as
Solution method and flow chart

Validation study
. The temperature is observed to rise to a higher value at the beginning of charge and discharge and then it reaches an 20 equilibrium with the ambient condition. The trend presented in Figure 2c shows an excellent agreement with Cai and White [15] .
Results and Discussion
Effect of variable porosity on battery performance
This section analyses the dependency of variable porosity on the battery performance.
25
The variable porosity equation links the battery performance with electrolyte properties. table 3 ).
The case with zero partial molar concentrations results in no porosity change and hence the available area for reaction remains constant, resulting in longer cell operating time. In this case, the charging time extends up to 65 minutes and the capacity of the battery is the highest compared to the other two cases. The case with a higher V Li + shows a faster 10 decrease in porosity, subsequently reducing the specific interfacial surface area available for reaction. A lower specific interfacial surface area a s also decreases the current density of the intercalation reaction (equation 7) and solvent reduction reaction (equation 9). With V Li + = 40, the cell charging is limited to 50 minutes of operation and the cell capacity reduces for both charging and discharging operations. The decrease in current density also affects overall chemical reaction, reducing the solid phase (φ s ) and electrolyte phase (φ e ) potentials. Figure 3b quantifies the irreversible filling of pores in the negative electrode. This figure shows the variation in porosity at the negative electrode and current collector interface over a period of 30 to 130 charge-discharge cycles. The case for V Li + = 13 and V Lac = 100 is used to keep the large irreversible change in porosity. The initial electrolyte porosity at the 5 negative electrode is taken as ε e = 0.332 (Table 1 ) and after 130 cycles of operation the porosity reduces to ε e = 0.315. This irreversible filling effect can be explained as follows.
The variable porosity contributions are from the intercalation reaction and solvent reduction side reaction. The porosity variation in a lithium ion battery is proportional to the product of current density and partial molar volumes (equation 5). The porosity con-
10
tribution from intercalation reaction is usually ignored in capacity fade study since this is completely reversible, whereas the solvent reduction side reactions are not. The change in porosity due to charge cycle is cancelled out in the subsequent discharge cycle in case of an intercalation reaction. There is irreversible filling in the negative electrode due to the solvent reduction side reaction which is activated only in the charge cycle and absent in Ramadass et al. [28] . In this study, the partial molar concentration is set to be V Li + = 13 is due to the limited internal conductivity and this term accounts for the ohmic heat in the solid phase as well as the electrolyte phase [13] . There is a sharp increase in temperature 10 during the initial phase of the charge cycle and subsequently the battery reaches a balance between the internal heat generation and the heat convected outside. There is a small decrease in temperature when the battery changes from a charge cycle to a discharge cycle. This is visible in all different heat transfer cases presented in Figure 4a , and could be due to comparatively reduced contribution of the internal heat generation (Q ohm and Q react ) at transfer coefficient is nearly 5 W/m 2 K and temperature of the battery remains at 305K, well below the runaway temperature. An increase in battery temperature can be observed with a decrease in convective heat transfer coefficient. It is interesting to note that the Arrehenius correction plays a significant role in deciding the performance of a battery by influencing the physiochemical variables ψ. The solid phase 20 diffusion coefficient and exchange current density affect the charge transfer resistance, thus enabling the lithium to diffuse through the solid phase at a much faster rate and improving the performance of a battery with a temperature increase [14] . W/m 2 K the rate of the SEI layer growth is low and the battery operates for more than 250
Effect of temperature on battery performance
hours. The higher the heat transfer coefficient is, the lower the rate of the SEI layer growth is and the longer a battery operates.
As shown in Figure 5a , the battery operating temperature is inversely proportional to the heat transfer coefficient. High temperature influences the battery electrolyte and solid phase where the heat transfer coefficient is infinite. In this condition, the battery life is determined by the SEI layer growth due to cycling. Other capacity fade mechanisms which are not 15 included in this study are explained in Xu [27] .
The rate of the SEI layer growth can be approximated by the following correlation for a given set of modelling parameters
The life of battery follows the following correlation t hours = 102 ln h + 102.4
These correlations provide an estimate of the dependency of capacity fading parameters and could be useful for designing a cooling system to enhance the battery life. Smith et al. [29] shows that at a lower battery temperature, ageing occurs at a much slower rate compared to a higher temperature. The observed temperature dependency shows that high 5 temperature increases the rate of capacity fade and can contribute to accelerated ageing. The capacity fade of a battery is also dominated by the diffusivity of multiple species through the SEI layer. Capacity fade can be reduced by limiting products with high diffusivity [10] . This is captured in the present model using conductivity of electrolyte (κ) through the SEI layer. Most of these effects can be controlled by adjusting κ values. over cycles. In this study, the solvent reduction reaction exchange current density (i os ) is found to be a significant parameter influencing the cell capacity fade and overall performance.
The value of i os is chosen to be high so that the cell capacity reduces to less than a half after 100 cycles of operation. For all other analysis, i os = 1.5 × 10 −12 is used unless otherwise specified. battery life by 60% [9] . The lower the UCV is, the shorter the time takes to reach the UCV.
The time taken to reach 3.9V is shortest among the three cases. The maximum rate of the SEI layer growth is observed for 4.1V. This is due to the change in overpotential for the side reaction (η n ) which affects the SEI layer growth for different cut off voltages. At UCV limits, the overpotential for the solvent reduction side reaction becomes large compared to 10 the normal operating conditions, causing the dominance of a n i os term in equation 9. During the normal operating conditions, the side reaction current density is much smaller compared to a n i os due to the dominance of exp (−αcf ηs) . So, the capacity loss increases by increasing the cut off potentials, and it accelerates the SEI layer growth compared to the normal operating conditions. A similar capacity fade effect can be observed for lower LCV values. changes with C-rate, and high current charging and discharging accelerates the SEI layer growth. The high charge/discharge rate increases the current density in a battery which is directly proportional to the side reaction overpotential (η n ) and the SEI layer growth (δ). to a large range. After 130 cycles of charge/discharge, the range of variation diminishes to less than a half. This is due to a gradual built up of internal resistance where the overpotential term for the solvent reduction reaction
is dominated by the contribution from the side eaction current and the film resistance. The exponential term in J s = −a n i os e (−αcf ηs) becomes very small due to a high value of overpotential, and the variation in side reaction current density is limited to a smaller range. This shows that after a sufficient build up of internal resistance, the solvent reduction reaction is mainly 5 dominated by the combined contributions from a n and i os . The same effect can be seen while the battery is kept idle, without being connected to the external load. 
Conclusion
Capacity fade of lithium-ion batteries under cyclic loading conditions has been modelled.
The capacity fade modelling considers the thickness of the SEI layer formed over the solid to enhance the performance and the battery life under various operating conditions. This model enables the operator to choose a safe operating limit for the battery while minimising the SEI layer growth.
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